Abstract. A conjecture of J. Huh and B. Sturmfels predicts that the sign of the Euler characteristic of a complex very affine variety depends only on the parity of the dimension. The conjecture is true for locally complete intersections. Beyond this case, we construct counterexamples with arbitrarily bad failure.
Introduction
Let X be a closed irreducible subvariety of (C * ) n . In the literature, this is called a very affine variety. When X is a locally complete intersection, (−1) dim(X) χ(X) ≥ 0. This follows from generic vanishing results for perverse sheaves on (C * ) n due to LoeserSabbah [LS] (see also Gabber-Loeser [GL] ), together with the well-known fact that for a locally complete intersection the shifted sheaf C X [dim X] is perverse. For the smooth case, see also [H] .
It was conjectured by Huh and Sturmfels [HS, page 6 ] that the same is true for any closed irreducible subvariety X of (C * ) n . In this note, we construct counterexamples by displaying singular surfaces in (C * ) 4 with arbitrary negative Euler characteristics.
Construction
We start with a smooth surface U in (C * ) 4 defined as
where w, x, y, z are the coordinates in (C * ) 4 . We define an action of Z/nZ on (C * ) 4 . Let ξ ∈ C be an n-th primitive root of unity. We set ξ(w, x, y, z) = (ξw, ξx, ξ −1 y, ξ −1 z). This defines a Z/nZ action on (C * ) 4 by translations. Hence, the quotient (C * ) 4 /(Z/nZ) is again a commutative affine algebraic group. Such algebraic group has to be isomorphic to (C * ) 4 . In fact, we can give an explicit description of the quotient map, which we denote by
wy, wz).
We denote the image p n (U) by U n . Then U n is an irreducible subvariety of (C * ) n .
The proof of the theorem will be in the next section.
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Euler characteristic
We will see that U n has only isolated singularities, which are analytically equivalent to the transverse intersection of two smooth surfaces in C 4 . Moreover, the normalisation of U n will be isomorphic to U. This allows us to compute the Euler characteristic of U n by counting the number of singular points on U n . Throughout this section, we assume n is odd.
Lemma 3.1. For any 1 ≤ i ≤ n − 1, U ∩ ξ i U has exact one point, and the intersection is transverse. Furthermore,
Hence
Since the intersection is defined by 4 linear equations, clearly it is transverse. The last part is obvious, since
Corollary 3.2. U n has n−1 2 isolated singular points. Moreover, the germ of U n at any singular point is analytically equivalent to the germ of {w = x = 0} ∪ {y = z = 0} in C 4 at origin. In other words, locally the singularity is obtained by the transverse intersection of two smooth surfaces.
Proof. The quotient map p n : (C * ) 4 → (C * ) 4 restricts to a map q n : U → U n . The map q n is an isomorphism on U − 1≤i≤n−1 (U ∩ ξ i U). Every intersection U ∩ ξ i U will create a singular point on U n , which is the image of U ∩ ξ i U under q n . Since the intersection U ∩ ξ i U is transverse, and since this intersection is not contained in any other ξ j U, the corresponding singular point in U n is locally isomorphic to the transverse intersection of two smooth surfaces. Notice that ξ −i (U ∩ ξ i U) = U ∩ ξ n−i U. U ∩ ξ i U and U ∩ ξ n−i U give the same singular point in U n . On the other hand, each singular point in U n comes from exactly two such intersections. Therefore, U n has exactly n−1 2 singular points.
Proof of Theorem 2.1. The map C 2 → C 4 , defined by (a, b) → (a, b, 1 − a, 1 − b) induces an isomorphism between (C − {0, 1}) × (C − {0, 1}) and U. Therefore, by Kunneth's formula χ(U) = 1. According to the corollary, U n is obtained from U by attaching Example 3.3. The smallest n for which U n is a counterexample to the above-mentioned conjecture is n = 5: χ(U 5 ) = −1. Using a computer algebra program reveals that the equations for U 5 are quite complicated. It is the common zero locus in (C * ) 4 of the following five equations in 4 variables:
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